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1. INTRODUCTION
1.1. $\mathfrak{g}$ $\mathbb{C}$ Lie , $P+$ dominant integral weight , $U_{q}(\mathfrak{g})$
. $V(\lambda)(\lambda\in P_{+})$ highest weight $\lambda$ ,
$B(\lambda)$ crystal basis .
$\lambda,$ $\mu\in P+$ , $U_{q}(\mathfrak{g})$
$B( \lambda)\otimes B(\mu)\cong\bigoplus_{j=1}^{l}B(\nu_{j})$ $(\nu_{j}\in P_{+})$
. $\lambda,$ $\mu\in P+$ , $\in P+$
, .
, .




, $b$ $b_{1},$ $b_{2}$ .
, $B(\nu)$ $B(\lambda)\otimes B(\mu)$ 1
, .
, Problem 1 .
$b\in B(\lambda)$ Kashiwara operators $\tilde{f_{i}}(i\in I)$
$b=\tilde{f_{i_{1}}}\tilde{f_{i_{2}}}\cdots\tilde{f_{i_{k}}}b_{\lambda}$
( $b_{\lambda}$ $B(\lambda)$ highest weight element) ,
. b $b_{1},$ $b_{2}$ , $B(\lambda)$
(realization) , realization 1
Problem 1 .
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1.2. $B(\lambda)$ realization , $\mathfrak{g}=5l_{n+1}(\mathbb{C})(A_{n}$ $)$
. $\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}\in P+$ ( $\Lambda_{i}$ i-th fundamental weight)
, $\lambda_{i}=m_{1}+m_{2}+\cdots+m_{i}$ $(1 \leq i\leq n)$ . $(\lambda_{n}\geq\lambda_{n-1}\geq\cdots\geq\lambda_{1})$
partition , partition $\lambda\in P+$
. .
Theorem 1.2.1. $B(\lambda)\cong SST(\lambda)$ . $SST(\lambda)$ 1, $\cdots,$ $n,$ $n+1$
shape $\lambda$ .
, $B(\lambda)$ $SST(\lambda)$ .
realization .
$\bullet$ Young wall ( , Kang et al.),
$\bullet$ Lakshmibai-Seshadri path (Littelmann),
$\bullet$ polyhedral realization (Zelevinsky-Nakashima),












. $b\in B(\lambda+\mu)$ ,
$\Phi_{\lambda+\mu;\lambda,\mu}(b)=b_{1}\otimes b_{2}$ $(b_{1}\in B(\lambda), b_{2}\in B(\mu))$
, :
: $b$ $b_{1},$ $b_{2}$ .
realization 1 fix . ,
, Kashiwara operators :
$b=\tilde{f_{i_{1}}}\tilde{f_{i_{2}}}\cdots\tilde{f_{i_{k}}}b_{\lambda}$
, .
, realization 1 , .
$\mathfrak{g}=\mathfrak{s}\mathfrak{l}_{n+1}(\mathbb{C})(A_{n}$ $)$ , realization ,
:
Proposition 1.3.1. crystal basis
$B(\lambda+\mu)\ni brightarrow T\in SST(\lambda+\mu)$ ,
$B(\lambda)\ni b_{1}rightarrow Ti\in SST(\lambda)$ , $B(\mu)\ni b_{2}rightarrow T_{2}\in SST(\mu)$
. ,
$T=T_{1}*T$
. $T_{1}*$ (Fulton [F] ) .
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Remark. ,
, . , 2





(1) “Lusztig datum” realization ( ) ,
(2) ( $(Mirkovi\acute{c}$-Vilonen polytope” ( MV polytope ) realization
( ) ( (1) )
.
, (2) “ ”
. Mirkovi\v{c}-Vilonen [MVl] , Mirkovi\v{c}-Vilonen cycle
, affine Grassmannian .
affine Grassmannian ,
, Kamnitzer , Mirkovi\v{c}-Vilonen cycle
, Mirkovi\v{c}-Vilonen polytope (MV polytope)
. Cartan subalgebra $\mathfrak{h}_{\mathbb{R}}$ .
(MV polytope) ? , ,
. (2) ,
MV polytope ? , ( )
, .
( ) . .
2. PBW LUSZTIG DATUM
2.1. $U_{q}=U_{q}(\mathfrak{g})$ $e_{i},$ $f_{i},$ $k_{i}^{\pm 1}(1\leq i\leq n)$ , $U_{q}$ $T_{i}(1\leq i\leq n)$
:
$T_{i}(e_{j})=\{\begin{array}{ll}-f_{i}k_{i}, (i=j),\sum_{k=0}^{-a_{ij}}’(-1)^{a_{i,j}+k}q_{i}^{a_{i,j}+k}e_{i}^{(k)}e_{j}e_{i}^{(-a_{i,j}-k)}, (i\neq j),\end{array}$
$T_{i}(f_{j})=\{\begin{array}{ll}-k_{i}^{-1}e_{i}, (i=j),\sum_{k=0}^{-a_{i_{l}j}}(-1)^{a_{ij}+k})q_{i}^{-a_{i_{1}j}-k}f_{i}^{(-a_{i,j}-k)}f_{j}f_{i}^{(k)}, (i\neq j),\end{array}$
$T_{i}(k_{j})=k_{j}k_{i}^{-a_{ij}})$ .
$(a_{i,j)_{i}^{n_{j=1}}}$, Cartan matrix, $q_{i}=q^{(\alpha_{i},\alpha_{i})}(1\leq i\leq n)$ . :
Lemma 2.1.1. $T_{i}(1\leq i\leq n)$ braid relation .
$w0$ Weyl longest element, $l(wo)=N$ , $w0=s_{i_{1}}\cdots s_{i_{N}}$ $w0$ reduced
expression . reduced word $i=(i_{1}, \cdots, i_{N})$ ,
$P_{i}^{(c)}:=f_{i_{1}}^{(c_{1})}(T_{i_{1}}(f_{i_{1}}^{(c_{2})}))\cdots(N$ $(c=(c_{1}, \cdots, c_{N})\in \mathbb{Z}_{\geq 0}^{N})$
. 1:
Proposition 2.1.2. (1) $B_{i}:=\{P_{i}^{(c)}|c=(c_{1}, \cdots, c_{N})\in \mathbb{Z}_{\geq 0}^{N}\}$ $U_{q}^{-}$ $\mathbb{Q}$ (q)-
( $U_{q}^{-}$ PBW ).
(2) $\mathcal{A}:=\{f\in \mathbb{Q}(q)|f$ $q=0$ regular $\}$ , $\mathcal{L}_{i}$ $B_{i}$ $U_{q}^{-}$ A-submodule
1 Lusztig ([L2]).
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. $\mathcal{L}_{i}$ $U_{q}^{-}$ crystal lattice $L(\infty)$ . $\mathcal{L}_{i}$ reduced word $i$
.
(3) $B;mod q\mathcal{L}_{i}$ $U_{q}^{-}$ crystal basis $B(\infty)$ . $B_{i}mod q\mathcal{L}_{i}$ reduced word
$i$ .
1 1
$\{c=(c_{1}, \cdots, c_{N})\in \mathbb{Z}_{\geq 0}^{N}\}$ $rightarrow$ $B(\infty)$
. $b\in B(\infty)$ $c=(c_{1}, \cdots, c_{N})\in \mathbb{Z}_{\geq 0}^{N}$ $b\in B(\infty)$ i-
Lusztig datum . $c=$ $(c_{1}, \cdots, C_{N})\in \mathbb{Z}_{\geq 0}^{N}$ $B$ (oo) $b_{c}$
.
2.2. Introduction , $B(\infty)$ , $B(\lambda)(\lambda\in P_{+})$
realization . .
$*$ $U_{q}$ anti$- \mathbb{Q}(q)$ -algebra involution :
$(e_{i})^{*}=e_{i}$ , $(f_{i})^{*}=f_{i}$ , $(k_{i}^{\pm 1})^{*}=k_{i}^{\mp 1}$ .
$*$ $U_{q}^{-}$ , $L(\infty)$ ,
.
Theorem 2.2.1 $([Kas])$ . $B(\infty)^{*}=B(\infty)$ . $*$ $B(\infty)$ permutation .
$\lambda\in P+$ . $T_{\lambda}=\{t_{\lambda}\}$ , $T_{\lambda}$ # crystal structure
wt $(t_{\lambda})=\lambda$ , $\epsilon_{i}(t_{\lambda})=\varphi_{i}(t_{\lambda})=-\infty$ , $\tilde{e}_{i}(t_{\lambda})=\tilde{f_{i}}(t_{\lambda})=0$
. crystal
$\iota_{\lambda}$ : $B(\lambda)arrow B(\infty)\otimes T_{\lambda}$ , $b_{\lambda}\mapsto b_{\infty}\otimes t_{\lambda}$
. $b_{\lambda},$ $b_{\infty}$ $B(\lambda),$ $B(\infty)$ highest weight elements
.
, $B(\lambda)$ :
Lemma 2.2.2 $([S])$ . $\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}\in P+$ $(\Lambda_{i}(1\leq i\leq n)$ fundamental
weights). $b_{c}\otimes t_{\lambda}\in B(\infty)\otimes T_{\lambda}$ $\iota_{\lambda}(B(\lambda))$ ,
$\epsilon_{i}(b_{c}^{*})\leq m_{i}$ (for all $1\leq i\leq n$). (2.2.1)
, $c=(c_{1}, \cdots, c_{N})\in \mathbb{Z}^{N}>0$ , (2.2.1)
$B(\lambda)$ . - , $\epsilon_{i}(b_{c}^{*})$ Lusztig datum $c$
, $B(\lambda)$ explicit form




3.1. $w0$ reduced expression
$w_{0}=(s_{1})(s_{2}s_{1})(s_{3}s_{2}s_{1})\cdots(s_{n}s_{n-1}\cdots s_{1})$
, reduced word
$i^{(0)}$ $;=$ $(i_{1}, \cdots, i_{N})$
$=$ $($ 1, 2, 1, 3, 2, 1, $\cdots,$ $n,$ $n-1,$ $\cdots,$ $1)$
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. , .
statement . $i^{(0)}$ -Lusztig datum $c=(c, \cdots, c)\in \mathbb{Z}^{N}\geq 0$
2:
$a_{1,2}=c_{1}$ ,
$a_{1,3}=c_{2}$ , $a_{2,3}=c_{3}$ ,
$a_{1,4}=c_{4}$ , $a_{2,4}=c_{5}$ , $a_{3,4}=c_{6}$ ,
$a_{1,n+1}=c_{N-(n-1)}$ , $a_{2,n+1}=c_{N-(n-2)}$ , $\cdot\cdot\cdot$ $a_{n-1,n+1}=c_{N-1}$ , $a_{n,n+1}=c_{N}$
Lemma 3.1.1. . $qL(\infty)$
$P_{i(0)}^{(c)}$ $\equiv$ $\tilde{f}_{1}^{a_{1,2}}\tilde{f}_{2}^{a_{1,3}+a_{2,3}}\tilde{f}_{1}^{a_{1,3}}\tilde{f}_{3}^{a_{1,4}+a_{2,4}+a_{3,4}}\tilde{f}_{2}^{a_{1,4}+a_{2,4}}\tilde{f}_{1}^{a_{1,4}}$ . . .
$\cross\tilde{f}_{n^{1,n+1}}^{a+a_{2,n+1}+\cdots+a_{n,n+1}}\tilde{f}_{n-1}^{a_{1,n+1}+\cdots+a_{n-1,n+1}}\cdots\tilde{f}_{2}^{a_{1,n+1}+a_{2,n+1}}\tilde{f}_{1}^{a_{1,n+1}}b_{\infty}$
Remark . reduced word explicit formula ,
, .








$a=$ ... : :.
$a_{n-1,n}$ $a_{n-1,n+1}$
$a_{n,n+1}$
$B(\infty)$ $b_{a}$ , PBW basis $P_{i^{(0)}}^{(a)}$ .
$\{b_{a}|$ a $\in \mathbb{Z}^{N}>0\}\cong B(\infty)$ crystal structure $i^{(0)}$ -Lusztig datum
. . $1\leq i\leq n$ ,
$A_{k}^{(i)}(b_{a}):= \sum_{l=1}^{k}(a_{l,i+1}-a_{l-1,i})$ $(1\leq k\leq i)$
. $a_{0_{)}i}=0$ .
Lemma 3.2.1. (1) wt $(b_{a})=- \sum_{i=1}^{n}(\sum_{k=1}^{i}\sum_{l=i+1}^{n+1}a_{k,l})\alpha_{i}$ .
(2) $1\leq i\leq n$ ,
$\epsilon_{i}(b_{a})=\max\{A_{1}^{(i)}(b_{a}), \cdots, A_{i}^{(i)}(b_{a})\}$ , $\varphi_{i}(b_{a})=\epsilon_{i}(b_{a})+\langle wt(b_{a}),$ $h_{i}\rangle$ .
(3) $\tilde{e}_{i}$ : $\epsilon_{i}(b_{a})$ .
(i) $\epsilon_{i}(b_{a})=0$ : $\tilde{e}_{i}(b_{a})=0$ .
(ii) $\epsilon_{i}(b_{a})>0$ : $b_{a^{J}}=\tilde{e}_{i}(b_{a})$ , $a’=(a_{i,j}’)$ .
$\epsilon_{i}(b_{a})=A_{k}^{(i)}(b_{a})$ $1\leq k\leq i$ $k$ $k_{e}$ .
$a_{k_{e},i}’=a_{k_{e},i}+1$ , $a_{k_{e},i+1}’=a_{k_{e},i+1}-1$ .
$a_{k_{I}l}=a_{k_{t}l}$ .
2 $i^{(0)}$ -Lusztig datum $c=(c_{1}, \cdots, c_{N})$
.
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$k_{e}=i$ ( $a_{i,i}$ )
$a_{i,i+1}’=a_{i,i+1}-1$ , $a_{k,l}=a_{k,l}$ ( ).
(4) $\tilde{f_{i}}$ : $b_{a’’}=\tilde{f_{i}}(b_{a})$ , $a’=(a_{i,j}’’)$ . $\epsilon_{i}(b_{a})=$
$A_{k}^{(i)}(b_{a})$ $1\leq k\leq i$ $k$ $k_{f}$ .
$a_{k_{f},i}’=a_{k_{f},i}-1$ , $a_{k_{f},i+1}=a_{k_{f},i+1}+1$ .
$a’\prime k,l=a_{k,l}$ .
$k_{f}=i$ ( $a_{i,i}$ )
$a_{i,i+1}’’=a_{i,i+1}+1$ , $a_{k,l}’=a_{k,l}$ ( ).
Remark. 90 ,




$a=$ 2 1 $(n=3)$ , $i=3$ :
1
$A_{1}^{(3)}(b_{a})=1$ , $A_{2}^{(3)}(b_{a})=1+(1-1)=1$ , $A_{3}^{(3)}(b_{a})=1+(1-1)+(1-2)=0$ .
$\epsilon_{3}(b_{a})=1,$ $k_{e}=1,$ $k_{f}=2$ . $b_{a’}=\tilde{e}_{3}(b_{a}),$ $b_{a’’}=\tilde{f}_{3}(b_{a})$
120 111
$a’=$ 2 1, $a”=$ 1 2.
1 1
3.3. $B(\infty)$ crystal structure ( $*$-crystal structure) .
. $*$ -version Kashiwara operators :
$\tilde{e}_{i}^{*}:=*0\tilde{e}_{i}0*$ , $\tilde{f}_{i}^{*}:=*0\tilde{f}_{i}0*$ .
$*$ involution , $b\in B(\infty)$ ,
$\tilde{e}_{i}^{*}b^{*}=(\tilde{e}_{i}b)^{*}$ , $\tilde{f_{i}}^{*}b^{*}=(\tilde{f_{i}}b)^{*}$
. $*$
wt $(b^{*})=$ wt $(b)$
. $b\in B(\infty)$ ,
$\epsilon_{i}^{*}(b):=\max\{k\in \mathbb{Z}_{\geq 0}|(\tilde{e}_{i}^{*})^{k}b\neq 0\}$ , $\varphi_{i}^{*}(b):=\epsilon_{i}(b^{*})+\langle wt(b^{*}),$ $h_{i}\}$
,
$\epsilon_{i}^{*}(b)=\epsilon_{i}(b^{*})$ , $\varphi_{i}^{*}(b)=\varphi_{i}(b^{*})$
. $(B(oo), wt, \epsilon_{i}^{*}, \varphi_{i}^{*},\tilde{e}_{i}^{*},\tilde{f_{i}}^{*})$ crystal
. wt, $\epsilon_{i}^{*},$ $\varphi_{i}^{*},\tilde{e}_{i}^{*},\tilde{f_{i}}^{*}$ , $B(\infty)$
crystal structure .
$A_{n}$ , $*$ -crystal structure $i^{(0)}$ -Lusztig datum
explicit formula 3. . $1\leq i\leq n$ ,




Lemma 3.3.1. (1) wt $(b_{a}^{*})=$ wt $(b_{a})$ .
(2) $1\leq i\leq n$ ,
$\epsilon_{i}^{*}(b_{a})=\max\{A_{i}^{*(i)}(b_{a}), \cdots, A_{n}^{*(i)}(b_{a})\}$ , $\varphi_{i}^{*}(b_{a})=\epsilon_{i}^{*}(b_{a})+\langle wt(b_{a}),$ $h_{i}\rangle$ .
(3) $\tilde{e}_{i}^{*}$ : $\epsilon_{i}^{*}(b_{a})$ .
(i) $\epsilon_{i}^{*}(b_{a})=0$ : $\tilde{e}_{i}^{*}(b_{a})=0$ .
(ii) $\epsilon_{i}^{*}(b_{a})>0$ : $b_{a’}=\tilde{e}_{i}^{*}(b_{a})$ , $a’=(a_{i,j})$ .
$\epsilon_{i}^{*}(b_{a})=A_{k}^{*(i)}(b_{a})$ $i\leq k\leq n$ $k$ .
$a_{i,k_{e}^{*}+1}’=a_{i,k_{e}^{*}+1}-1$ , $a_{i+1,k_{e}^{*}+1}=a_{i+1,k_{e}^{*}+1}+1$ .
$a_{k,l}’=a_{k,l}$ .
$k_{e}^{*}=i$ ( $a_{i+1,i+1}$ )
$a_{i,i+1}’=a_{i,i+1}-1$ , $a_{k,l}=a_{k,l}$ ( ).
(4) $\tilde{f_{i}}^{*}$ : $b_{a’’}=\tilde{f_{i}}^{*}(b_{a})$ , $a”=(a_{i,j}’)$ .
$\epsilon_{i}^{*}(b_{a})=A_{k}^{*(i)}(b_{a})$ $i\leq k\leq n$ $k$
$k_{f}^{*}$ .
$a_{i,k_{f}^{*}+1}’’=a_{i,k_{f}^{*}+1}+1$ , $a_{i+1,k_{f}^{*}+1}’’=a_{i+1,k_{f}^{*}+1}-1$ .
$a_{k,l}’’=a_{k,l}$ .
$k_{f}=i$ ( $a_{i+1,i+1}$ )
$a_{i,i+1}’=a_{i,i+1}+1$ , $a_{k,l}’’=a_{k,l}$ ( ).
$B( \lambda)(\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}\in P+)$ $i^{(0)}$ -Lusztig datum
, :
Corollary 3.3.2.
$B( \lambda)\cong\{a=(a_{i,j})\in \mathbb{Z}_{\geq 0}^{N}|\max\{A_{i}^{*(i)}(b_{a}), \cdots, A_{n}^{*(i)}(b_{a})\}\leq m_{i}$ for all $1\leq i\leq n\}$ .
3.4. , Introduction , $B( \lambda)(\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}\in P_{+})$








$a_{i,j}=$ $b$ $i$ $i$ .
Example 3.4.2. $A_{5\Rightarrow}^{fflJ}$ , $\lambda=\Lambda_{2}+3\Lambda_{3}+3\Lambda_{4}+2\Lambda_{5}$.
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$b=$
$ob$ $i^{(0)}$ -Lusztig datum
2 2 1 1 $0$
1 3 1 1
$a=$ 2 2 2
3 1
2
$\epsilon_{1}^{*}(a)=0$ , $\epsilon_{2}^{*}(a)=1$ , $\epsilon_{3}^{*}(a)=3$ , $\epsilon_{4}^{*}(a)=2\leq 3$ , $\epsilon_{5}^{*}(a)=2$
4.
4.1. . dominant integral weight $\lambda\in P+$ 2
dominant integral weight :
$\lambda=\lambda_{1}+\lambda_{2}$ $(\lambda_{1}, \lambda_{2}\in P_{+})$ .
crystal
$\Phi_{\lambda;\lambda_{1},\lambda_{2}}$ : $B(\lambda)arrow B(\lambda_{1})\otimes B(\lambda_{2})$ , $b_{\lambda}\mapsto b_{\lambda_{1}}\otimes b_{\lambda_{2}}$
.
:
$\Phi_{\lambda;\lambda_{1},\lambda_{2}}(b)=b_{1}\otimes b_{2}$ $(b\in B(\lambda), b_{1}\in B(\lambda_{1}), b_{2}\in B(\lambda_{2}))$
, $b$ $b_{1},$ $b_{2}$ .
4.2. $i^{(0)}$ -Lusztig datum realization ,
. , $\lambda$ ,
.




$\lambda_{L}:=\sum_{i=1}^{s-1}m_{i}\Lambda_{i}+m_{s,L}\Lambda_{s}$ , $\lambda_{L}:=m_{s,R}\Lambda_{s}+\sum_{i=s+1}^{n}m_{i}\Lambda_{i}$ . (4.2.2)
$\lambda=\lambda_{L}+\lambda_{R}$





. shape $\lambda$ $b\in B(\lambda)$ , $b_{L}\in B(\lambda_{L}),$ $b_{R}\in B(\lambda_{R})$ :
$\Phi_{\lambda;\lambda_{L},\lambda_{R}}(b)=b_{L}\otimes b_{R}$.
shape $\lambda$ $B(\lambda)$ .
Lemma 4.2.1. $b_{L}\in B(\lambda_{L})$ , $b\in B(\lambda)$ 2
. , $b_{R}\in B(\lambda_{R})$ , $b\in B(\lambda)$ 2
.
Proof. 1, $\cdots,$ $n,$ $n+1$ shape $\lambda$ $B(\lambda)$
:
$\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}$
$\lambda=\Lambda_{i_{1}}+\cdots+\Lambda_{i_{t}}$ $(1\leq i_{1}\leq\cdots\leq i_{t}\leq n)$
,
$\Phi_{\lambda;\Lambda_{i_{1}},\cdots,\Lambda_{i_{t}}}:B(\lambda)arrow B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t}})$
. $B(\Lambda_{i_{k}})$ 1 , 1, $\cdots,$ $n,$ $n+1$ ( )
. $B(\lambda)$ shape $\lambda$ .
$t_{L}:=m_{1}+\cdots+m_{s-1}+m_{s,L}$ $(t_{R}:=t-t_{L}=m_{s,R}+m_{s+1}+\cdots+m_{n})$
. :
$B(\lambda)$ $arrow$ $B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t}})$
$\downarrow$
$\Vert$
$B(\lambda_{L})\otimes B(\lambda_{R})$ $arrow(B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t_{L}}}))\otimes(B(\Lambda_{i_{t_{L}}+1})\otimes\cdots\otimes B(\Lambda_{i_{t}}))$
.







43. . $b\in B(\lambda)$ ,
$k$ 1 Yoniig , $i^{(0)}$ -Lusztig





$i$ $d_{i,k}$ , $d_{i,k}$ $i^{(0)}$ -Lusztig datum
. $k$ , $\lambda_{1}-k+1$
. ,
$d_{i,k}= \min\{l\geq i|\lambda_{1}-k+1\leq a_{i,i}+\cdots+a_{i,l}\}$
. $a_{i,i}$ $b$ $i$ $i$ . $a_{i,i}$ $i^{(0)_{-}}$
Lusztig datum ( $i^{(0)}$ -Lusztig datum $a_{i,j}(i<j)!$ ) ,
. $\lambda_{1}=\sum_{j=1}^{n}mj$









$d_{i,k}= \min\{l\geq i|k\geq 1+\sum_{j=1}^{i-1}m_{j}+\sum_{j=l+1}^{n+1}a_{i,j}\}$ .
1 $b_{k}$ $i^{(0)}$ -Lusztig datum $a_{k}=(a_{i}^{k_{j}},)$ .
$i^{(0)}$ -Lusztig datum .
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Lemma 4.3.2. $1\leq i\leq n$ ,
$a_{i,j}^{k}=\{\begin{array}{l}1 (j=d_{i,k}),0 (otherwise).\end{array}$
$b_{k}$ $i^{(0)}$ -Lusztig datum $a_{k}=(a_{i}^{k_{j}},)$ , 1 1 ,
$0$ . ,
$d_{1,k}<d_{2,k}<\cdots$




, , $i^{(0)}$ -Lusztig datum
.
4.4. . Example 3.4.2 . $A_{5}$ , $\lambda=\Lambda_{2}+3\Lambda_{3}+$





1 3 1 1
$a=$ 2 2 2.
3 1
2
$b$ $b_{k}$ $i^{(0)}$ -Lusztig datum 4:
00010 00
$0$ $0$ $0$ 1 $0$




$0$ 1 $0$ $0$ $0$





001 $a_{3}=$ $0$ $0$ 1




010 $a_{6}=$ 1 $0$ $0$
$0$ 1 1 $0$
$0$ $0$
$4_{b}$ $i^{(0)}$ -Lusztig datum ,
.
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$0$ $0$ $0$ $0$ $0$
$0$ $0$ $0$ $0$











$0$ $0$ $0$ $0$ $0$
$0$ $0$ $0$ $0$





4.5. $i^{(0)}$-Lusztig datum , “ ”
. key point
$B(\lambda)$ $arrow$ $B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t}})$
$\downarrow$
$\Vert$
$B(\lambda_{L})\otimes B(\lambda_{R})$ $arrow(B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t_{L}}}))\otimes(B(\Lambda_{i_{t_{L}}+1})\otimes\cdots\otimes B(\Lambda_{i_{t}}))$





$B(2\Lambda_{1}+2\Lambda_{2})arrow B(\Lambda_{1})\otimes B(\Lambda_{1})\otimes B(\Lambda_{2})\otimes B(\Lambda_{2})$
. 2
$B(\Lambda_{1}+\Lambda_{2})\otimes B(\Lambda_{1}+\Lambda_{2})arrow(B(\Lambda_{1})\otimes B(\Lambda_{2}))\otimes(B(\Lambda_{1})\otimes B(\Lambda_{2}))$
. , tensor 2 3
, R-matrix .
$R_{23}:B(\Lambda_{1})\otimes B(\Lambda_{1})\otimes B(\Lambda_{2})\otimes B(\Lambda_{2})arrow\sim B(\Lambda_{1})\otimes B(\Lambda_{2})\otimes B(\Lambda_{1})\otimes B(\Lambda_{2})$.
, R-matrix ,
, .
$\lambda=2\Lambda_{1}+2\Lambda_{2},$ $\lambda_{L}=\lambda_{R}=\Lambda_{1}+\Lambda_{2}$ , $A_{2}$ Weyl longest element
reduced expression (1, 2, 1) $($ 2, 1, 2) , Lusztig datum
.
46. $b\in B(\lambda)$ $b_{L}\in B(\lambda_{L}),$ $b_{R}\in B(\lambda_{R})$
(Corollary 4.2.2) , ,
. $b\in B(\lambda)$ $i^{(0)}$ -Lusztig datum a , $b_{L}\in$
$B(\lambda_{L}),$ $b_{R}\in B(\lambda_{R})$
$i^{(0)}$ -Lusztig datum $a_{L},$ $a_{R}$
,









$\Theta_{\lambda;\lambda_{L},\lambda_{R}}$ : $B(\infty)\otimes T_{\lambda}arrow(B(\infty)\otimes T_{\lambda_{L}})\otimes(B(\infty)\otimes T_{\lambda_{R}})$ ,
$b_{\infty}\otimes t_{\lambda}\mapsto(b_{\infty}\otimes t_{\lambda_{L}})\otimes(b_{\infty}\otimes t_{\lambda_{R}})$
.








, $b_{a_{L}},$ $b_{a_{R}}$ ( $a_{L},$ $a_{R}$ ) .
. $a=(a_{i,j})$ $1\leq s\leq n$ , $\tilde{b}_{i,j},$ $b_{i,j}(1\leq i\leq s,$ $i+1\leq$
$i\leq i+n-s)$ :
$\tilde{b}_{i,j}:=m_{i}-(\sum_{k=0}^{s-i}(a_{i,n+1-k}-a_{i+1,n+2-k})+\sum_{k=s-i+1}^{n-j}(b_{i,n+1-k}-b_{i+1,n+2-k}))+b_{i+1,j+1}$,
$b_{ij}:= \min\{\tilde{b}_{i,j},$ $a_{i,j}\}$ .
, $a_{i+1,n+2}:=0,$ $b_{s+1,r}:=0(s+2\leq r\leq n+1)$ .
$\tilde{b}_{i,j},$ $b_{i,j}$ ,
. $\tilde{b}_{i,j}$ . , $b_{u,v}$
. , 2 $j$
. $b_{u,v}$ , $v>j$ , $\tilde{b}_{i,j},$ $b_{i,j}$
.
2 , $j=n$ . ,
$1\leq i\leq s,$ $i+1\leq j\leq i+n-s$ , $i=s$ .
$\tilde{b}_{s,n}=m_{s}-a_{s,n+1}$ , $b_{s_{1}n}= \min\{\tilde{b}_{s,n},$ $a_{s,n}\}$
, $\tilde{b}_{s,n},$ $b_{s,n}$ .
2 , $\tilde{b}_{i,j}$ $b_{i,j}$
, .
.
5 (4.2.1) , $m_{s,L}=m_{s},$ $m_{s,R}=0$ . ,
( ).
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Proposition 4.6.1. $a_{L}=(a_{i,j}^{L})$ , $a_{i}^{L_{j}}(1\leq i<j\leq n+1)$ ,






5.1. MV polytope . MV polytope Kamnitzer [Kl] .




$\Lambda_{n}$ fundamental weights, $W=\mathfrak{S}_{n+1}$ Weyl ,
$\Gamma:=\bigcup_{w\in W,1\leq i\leq n}w\Lambda_{i}$
, $\gamma\in\Gamma$ chamber weight . chamber weights
$M$. $:=(M_{\gamma})_{\gamma\in\Gamma}$ $(M_{\gamma}\in \mathbb{Z})$
, $\mathfrak{h}_{\mathbb{R}}$ polytope
$P(M.)$ $:=\{\alpha\in \mathfrak{h}_{\mathbb{R}}|\langle\alpha,$ $\gamma\rangle\geq M_{\gamma}$ for all $\gamma\in\Gamma\}$
.
Definition 5.1.1. $M$. $=(M_{\gamma})_{\gamma\in}r$ polytope $P(M.)$ pseudo-Weyl
polytope ,
$M_{ws_{i}\Lambda_{i}}+M_{w\Lambda_{i}}+ \sum_{j\neq i}a_{j_{1}i}M_{w\Lambda_{j}}\leq 0$
$(\forall w\in W, 1\leq\forall i\leq n)$ (5.1.1)
. $(a_{i,j})_{i_{2}}^{n_{j=1}}$ Cartan . , (5.1.1) edge
inequality .
Proposition 5.1.2 $([K1])$ . $P(M.)$ pseudo-Weyl polytope , $P(M.)$
$\mu_{w}:=\sum_{i=1}^{n}M_{w\Lambda_{i}}w\alpha_{i}^{\vee}\in \mathfrak{h}_{R}$ $(w\in W)$
. $\alpha_{\check{i}}(1\leq i\leq n)$ simple coroot . , $P(M.)$
$\mu$. $:=(\mu_{w})_{w\in}w$ convex hull .
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Definition 5.1.3. $\mu$. $:=(\mu_{w})_{w\in}w$ pseudo-Weyl polytope $P(M.)$ GGMS datum
.
Definition 5.1.4. $M$. $=(M_{\gamma})_{\gamma\in}r$ Berentein-Zelevinsky datum (BZ datum)
, edge inequality (5.1.1) ,
: $a_{i,j}=aj,i=-1$ $ws_{i}>w,$ $wSj>w$
$M_{ws_{i}\Lambda_{i}}+M_{ws_{j}\Lambda_{j}}= \min\{M_{w\Lambda_{i}}+M_{ws_{i}s_{j}\Lambda_{j}}, M_{ws_{j}s_{i}\Lambda_{i}}+M_{w\Lambda_{j}}\}$ (5.1.2)
. $>$ Bruhat order . , (5.1.2) tropi-
cal Pl\"ucker relation . M. BZ datum , polytope $P(M.)$
Mirkovi\v{c}-Vilonen polytope (MV polytope) .
Remark . $P(M.)$ MV polytope , edge inequality (5.1.1)
pseudo-Weyl polytope .
crystal basis MV polytope .
Theorem 5.1.5 $([K1])$ . $\mathcal{P}$ MV polytope , $\mu_{w_{0}}=0$
. $\mathcal{P}$ crystal structure , crystal $U_{q}^{-}(\epsilon l_{n+1})$ crystal
basis $B(\infty)$ 6.
5.2. MV polytope Lusztig datum . $i=$
$(i_{1}, \cdots, i_{N})$ $W$ longest element $w0$ reduced word ,
$w_{k}^{i}:=s_{i_{1}}\cdots s_{i_{k}}$ $(1\leq k\leq N)$
.
Proposition 5.2.1 ([Kll). Theorem 5.1.5 $\mathcal{P}\cong B(\infty)$ .
, $P(M.)\in \mathcal{P}$ ,
$c_{k}:=-M_{w_{k-1}^{i}\Lambda_{i_{k}}}-M_{w_{k}^{1}\Lambda_{i_{k}}}- \sum_{j\neq i_{k}}a_{j,i_{k}}M_{w_{k}^{i}\Lambda_{j}}$ $(1 \leq k\leq N)$
(5.2.1)
7, $c$ $:=(c_{1}, \cdots, c_{N})\in \mathbb{Z}_{\geq 0}^{N}$ $P(M.)\in \mathcal{P}\cong B(\infty)$ i-Lusztig datum .
, BZ datum $M$. $=(M_{\gamma})_{\gamma\in\Gamma}$ , $w0$ $(i^{(0)}$ reduced word
) reduced word $i$ i-Lusztig datum “ ”
. , (5.2.1) $P(M.)$ i-Lusztig datum
i-Lus $(P(M.)):=(c_{1}, \cdots, c_{N})$
.
Remark . $i$ $w0$ 1 reduced word , $b\in B(\infty)$ i-Lusztig datum $c:=$
$(c_{1}, \cdots, c_{N})$ . reduced word i’ $b$ i’-Lusztig datum
$c’;=$ $(c_{1}’ , \cdot\cdot\cdot , c_{N}’)$ , i-Lusztig datum $c;=(c_{1}, \cdots, c_{N})$
, Lusztig [L2] . , reduced
word Lusztig datum , reduced word Lusztig datum
. reduced word Lusztig
datum , reduced word Lusztig datum
.
$6_{\mathfrak{g}}$ , $\mathcal{P}$ $U_{q}^{-}(\mathfrak{g}^{\vee})$ crystal basis B $(\infty)$ .
$\mathfrak{g}^{\vee}\cong \mathfrak{g}$ , .
$7_{edge}$ inequality (5.1.1) $c_{k}$ .
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5.3. , crystal basis $B(\lambda)(\lambda\in P+)$ MV polytope
. :
Proposition 5.3.1. $\lambda\in P+$ , $\lambda$ W-orbit $W\lambda$ ( $\mathfrak{h}_{\mathbb{R}}$ ) convex hull
Conv $(W\lambda)$ . $P(M.)\in \mathcal{P}$ , $P(M.)\subset Conv(W\lambda)$ $\mu_{w_{0}}=\lambda$
$\mathcal{P}(\lambda)$ . $\mathcal{P}(\lambda)$ crystal structure , crystal $B(\lambda)$
.
54. $A_{n}$ ,
( $A,$ $D,$ $E$ ). ,
$A$ .
Anderson-Kogan [AK] .
Proposition 5.4.1 ([AK]). $\lambda,$ $\mu\in P+$ , crystal
$\Phi_{\lambda+\mu;\lambda,\mu}:B(\lambda+\mu)arrow B(\lambda)\otimes B(\mu)$ , $b_{\lambda+\mu}\mapsto b_{\lambda}\otimes b_{\mu}$
.
$\Phi_{\lambda+\mu;\lambda,\mu}(b)=b_{1}\otimes b_{2}$ $(b\in B(\lambda+\mu), b_{1}\in B(\lambda), b_{2}\in B(\mu))$
, Proposition 5.3.1 $b,$ $b_{1},$ $b_{2}$ MV polytope $P,$ $Pi,$ $P_{2}$
. ,
$i^{(0)}- Lus(P)=i^{(0)}- Lus(P_{1})+i^{(0)}- Lus(P_{2})$
,
P $\subset$ Pl $+$ P




Corollary 5.5.1. dominant integral weight $\lambda=\sum_{i=1}^{n}m_{i}\Lambda_{i}\in P+$
$\lambda=\Lambda_{i_{1}}+\cdots+\Lambda_{i_{t}}$ $(1\leq i_{1}\leq\cdots\leq i_{t}\leq n)$
, crystal
$B(\lambda)arrow B(\Lambda_{i_{1}})\otimes\cdots\otimes B(\Lambda_{i_{t}})$





14 (2) . 52 , BZ datum
M. reduced word $i$ i-Lusztig datum
, $b\in B(\lambda)$ BZ datum M. ,
reduced word Lusztig datum ,
, .
(5.5.1) , $P$ ,
$P$ .
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, $A$ ( ) (5.5.1)
[KNS] .
, MV cycle affine Grassmannian
.
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